Given a globally hyperbolic spacetime, the existence of a (smooth) spacelike Cauchy hypersurface S has been proven recently. Here, we prove that any acausal spacelike compact submanifold with boundary can be smoothly extended to a spacelike Cauchy hypersurface. Apart from the interest as a purely geometric question (applicable to the Cauchy problem in General Relativity), the result is motivated by applications to quantization.
Introduction
The question whether the Cauchy hypersurfaces and Cauchy time functions of a globally hyperbolic spacetime can be taken smooth, have remained as an open folk question in Lorentzian Geometry until the recent full solution [2, 3] (see also [4, Section 2] for a brief history of the problem, and [15] for related questions). In particular, any globally hyperbolic spacetime contains not only a smooth Cauchy hypersurface, but also a spacelike one (i.e., the hypersurface is smooth with spacelike tangent space at all the points). Even though these results are enough from the conceptual viewpoint as well as for typical applications in General Relativity ( [16] , [1] , [6] , etc.), the importance of spacelike Cauchy hypersurfaces for both, classical GR (Cauchy problem for Einstein's equation) and its quantization (for example, [8] ), suggests some related problems.
Some natural open questions from the geometrical viewpoint were posed in [15, Section 7] . In the present note, we solve a problem on extendability of a compact spacelike submanifold K with boundary to a full smooth Cauchy hypersurface S. Even though this can be also studied just as a natural geometric problem (applicable to the initial value problem in GR, in the spirit of [7, 11] , for example), we are motivated by applications to quantization. In fact, the interest of such a S when K is a 2-surface (composed by the fixed points of a 1-parameter group of isometries) is stressed in the report by Kay and Wald [10] . The result also applies in locally covariant quantum field theories (Brunetti et al. [5] ), and allows to simplify the proof of the punctured Haag duality by Ruzzi, [14] .
More precisely, we will prove: We emphasize that all the hypotheses are necessary and, in fact, if G were only achronal instead of acausal, then no smooth Cauchy hypersurface extending G will exist in general (Example 3.3) -even though a non-smooth one does exist, Theorem 3.7. Moreover, in the definitions below we will assume that submanifolds are connected (an usual simplifying convention) but the proof of Theorem 1.1 is extended to the non-connected case easily, Remark 4.12.
Setup
(M, g) will denote a spacetime, i.e., a connected time-oriented C k Lorentzian n 0 −manifold, n 0 ≥ 2, k = 1, 2, ...∞; smooth will mean C k -differentiable. The signature will be chosen (−, +, . . . , +) and, thus, for a timelike (resp. causal, lightlike, spacelike) tangent vector v = 0, one has g(v, v) < 0 (resp. ≤ 0, = 0, > 0); following [12] , vector 0 will be regarded as spacelike. The topological closure of a subset G is denoted asḠ.
A convex neighborhood C p of p ∈ M is an open subset which is a normal neighbourhood of all its points q ∈ C p ; in particular, each two points q, q ′ ∈ C p can be joined by a unique geodesic enterely contained in C p . We will also consider that a complete Riemannian metric g R is fixed and the g R -diameter of any C p is assumed to be < 1 (further conditions on convex neighbourhoods are frequent; see for example simple neighbourhoods in [13] ).
Hypersurfaces and submanifolds will be always embedded, and they will be regarded as connected and without boundary, except if otherwise specified. In general, they are only topological, but the spacelike ones will be regarded as smooth.
(M, g) will be assumed always globally hyperbolic. Then, by Geroch's theorem [9] , it admits a Cauchy time function t : M → R, i.e., a continuous (and onto, without loss of generality) function which increases strictly on any futuredirected causal curve, with levels Cauchy hypersurfaces; recall that t can be strengthened in a Cauchy temporal function [3] , i.e., additionally t is smooth with timelike gradient (and thus, with spacelike Cauchy hypersurfaces as levels). These levels will be denoted as S ti = t −1 (t i ) or, simply, S i . Fixed a Cauchy hypersurface S, M can be regarded topologically as a product R × S, where t is the natural projection on R and (t, x) << (t ′ , x) if t < t ′ ; if S is smooth then M is also diffeomorphic to R × S.
Recall that a Cauchy hypersurface is a subset S ⊂ M which is crossed exactly once by any inextendible timelike curve (this implies that S is a topological hypersurface see, for example, [12, Lemma 14.29] ). Cauchy hypersurfaces are always achronal, but not always acausal, even though Geroch's theorem (or the stronger results in [2, 3] ) ensures the existence of acausal ones.
For any subset K, we write J(
By using global hyperbolicity, it is straightforward to check that, if K is compact then J(K) is closed.
Topological and differentiable preliminaries
First, we will prove a topological version of Theorem 1.1. For this version, the following simple property becomes relevant.
Proof.
Given such ρ, there is a point p = ρ(s 0 ) which belongs to
If K is assumed only achronal instead of acausal, then the conclusion does not hold, as the following counterexample shows.
Example 3.3 Consider the canonical Lorentzian cylinder (R
Then, K is spacelike and achronal, but not acausal because (0, (0, 0)) < (2π/3, (−1/2, − √ 3/2)). Even more, J(K) is the whole cylinder, but K does not separates it.
Nevertheless, given such an achronal K, a new achronal set K C ⊃ K can be constructed which satisfies the conclusion in Lemma 3.2. Concretely, recall that if K is achronal but not acausal then there are points p, q ∈ K, p < q which will be connectable by a lightlike geodesic segment γ pq (without conjugate points except at most the extremes). Define the causal hull of K as the set K C ⊂ M containing K and all the lightlike segments which connect points of K. Obviously, J(K) = J(K C ) and, if K is compact and achronal, then so is K C . A straightforward modification of Lemma 3.2 yields:
The topological version of Theorem 1.1 is the following (recall that K does not need to be a submanifold here): Proposition 3.5 Let (M, g) be a globally hyperbolic spacetime, and let K ⊂ M be an acausal (resp. achronal) compact subset.
Then, there exists an acausal Cauchy (resp. a Cauchy) hypersurface S
Proof.
We will reason the acausal case; the achronal one is analogous, replacing along the proof K by K C and using Lemma 3.4 instead of Lemma 3.2.
Notice first that, as J(K) is closed, its complement M ′ = M \J(K), if nonempty, is an open subset of M which, regarded as a (possibly non-connected) spacetime, is also globally hyperbolic. In fact, M ′ is obviously strongly causal and, given any p, q ∈ M ′ , the compact diamond
and let us check that the choice S ′ K = S ′ ∪ K is the required hypersurface. Recall first that S ′ K is an acausal subset of M , because if a (inextendible, future-directed) causal curve γ crosses K then it is completely contained in J(K) and cannot cross S ′ . On the other hand, if γ is not completely contained in J(K), it crosses obviously S ′ . Otherwise, it will cross K because if, say, γ(
is compact and, as γ cannot remain imprisoned towards the past in Z, it will reach J − (K), and Lemma 3.2 can be claimed.
Remark 3.6
The compactness of K becomes essential in Proposition 3.5, as one can check by taking K as the upper component of hyperbolic space (or closed non-compact subsets of it) in Lorentz-Minkowski spacetime.
The following technical strenghtening of Proposition 3.5 shows (also at a topological level) that the Cauchy hypersurface can be controlled further, inside the levels of a Cauchy time function.
Theorem 3.7 Fix a Cauchy time function t : M → R in (M, g).
If K is a compact acausal (resp. achronal) subset then there exists t 1 < t 2 and an acausal Cauchy (resp. a Cauchy) hypersurface S K ⊃ K such that:
Proof. Again, we will consider only the acausal case. From Proposition 3.5, we can assume that K is a subset of an acausal Cauchy hypersurface S ′ K . Let t 1 (resp. t 2 ) be the minimum (resp. maximum) of t(K), choose any t 0 ∈ R, and regard S 1 , S 2 , S ′ K as graphs on S 0 , i.e.:
for some continuous t ′ K : S 0 → R, and analogously for S i (each function t i (x) is constantly equal to t i , for i = 1, 2). Define t K : S 0 → R as:
, and the corresponding graph S K is a closed topological hypersurface which includes K. To check that S K is Cauchy, recall first that it is crossed by any inextendible timelike curve γ (as γ must cross S 1 and S 2 ). It is also achronal because, if p, q ∈ S K where connectable by means of a future-directed causal curve γ, then at least one of them is not included in S ′ K , say, p = (t 1 , x 1 ) ∈ S 1 . Recall that, as t
contradiction again with the acausality.
Recall from Example 3.3 that, in general, one cannot hope to extend an spacelike achronal compact hypersurface to a smooth Cauchy hypersurface. Thus, Theorem 3.7 is our best result for this case 1 . Nevertheless, in the next section, we will see that the acausal ones can be smoothly extended. The following simple result for the acausal case, also suggest the main obstruction for the achronal one (again, the conclusion would not hold in Example 3.3). 
Proof.
To prove the existence of G 1 is enough. It is straightforward to prove the extendability of the compact k-submanifold with boundary G to an hypersurface G 1 which can be chosen spacelike by continuity (and withḠ 1 compact). Let us prove that G 1 can be also chosen acausal.
Otherwise, taken any sequence of such hypersurfaces with boundary {Ḡ n } n withḠ n ⊂Ḡ n+1 , andḠ = ∩ nḠn , then no hypersurfaceḠ n would be acausal. Thus, we can construct two sequences p n < q n , p n , q n ∈Ḡ n (and the corresponding sequence of connecting causal curves γ n ) which, up to subsequences, converge to limits p, q inḠ. If p = q this would contradict the acausality of G (the sequence {γ n } n would have a causal limit curve); otherwise, the strong causality of (M, g) would be violated at p.
The smoothing procedure
In what follows, the notation and ambient hypotheses of Theorem 1.1 and Lemma 3.8 are assumed, and S 0 = S t0 for a choice t 0 < t 1 . S K will denote the Cauchy hypersurface in Theorem 3.7 obtained for K =Ḡ 2 .
Our aim is to smooth S K outsideḠ. We will need first the following two technical results. The first one was proved in [2, Lemma 4.12]:
Lemma 4.9 Fix p ∈ S K \G 1 , and any convex neighborhood of p, C p ⊂ I + (S 0 ) which does not intersectḠ.
Then there exists a smooth function
(ii) The support of h p is compact and included in C p .
(iii) If q ∈ J − (S K ) and h p (q) = 0 then ∇h p (q) is timelike and past-pointing.
The second one is a refinement of previous lemma, in order to deal withḠ.
Lemma 4.10 There exists a smooth function
which satisfies:
The support of h G (i.e., the closure of h −1
is timelike and past-pointing.
Proof. For each z ∈Ḡ 1 , consider the past-directed unit geodesic γ z normal toḠ 1 -see, for example, [13, Section 7] or [12, Ch. 10] for background details. The parameter s of γ z is equal to the Lorentzian distance (time-separation) d(γ z (s), G 2 ) between γ z (s) and G 2 (and, thus,Ḡ 1 ) for small s. AsḠ 1 is compact, there exists some ǫ > 0 such that no focal point appears on γ z until γ z (ǫ) and
is a compact acausal spacelike hypersurface with boundary. Even more, ǫ can be chosen small enough to make
Then, the required function h G can be taken in J − (S K ) as:
being extended to J + (S K ) in any smooth way.
With the two previous technical lemmas at hand, the following modification of [2, Prop. 4.14] can be carried out.
Proposition 4.11 There exists a smooth function
which satisfy:
and h(q) = 0 then ∇h(q) is timelike and past-pointing.
Proof: Consider for any p ∈ S K \G 1 the convex neighborhood C p in Lemma 4.9, and take the corresponding function h p . Let
, and
covers the closed hypersurface S K , and admits a locally finite subcovering
Notice that W G must be included necessarily in the subcovering, becauseḠ ∩ W p = ∅ for all p. Then, it is easy to check that
fulfills all the requirements.
Proof of Theorem 1.1. Notice that, by continuity, property 3 of Lemma 4.11 also holds in some neighbourhood V of S K . Thus, h admits 1 as a regular value in V ∪ J − (S K ) and the connected component S of h −1 (1) which containsḠ is included in the closed subset J − (S K ). Thus, S is a closed spacelike hypersurface of M which lies between two Cauchy hypersurfaces S ⊂ J + (S 0 ) ∩ J − (S K ) and, then, it is itself a Cauchy hypersurface [2, Corollary 3.11].
Remark 4.12 IfḠ where not connected (but still acausal), then the proof would remain essentially equal, just considering a function h j G , j = 1, . . . l for each connected componentḠ j ofḠ. Notice that h −1 (1) ∩ J − (S K ) cannot have more than one connected component and, thus, an hypersurface containing all theḠ j 's would be obtained. In fact, the connectedness of h −1 (1) ∩ J − (S K ) follows because it is acausal (property (iii) implies that h increases strictly on any future-directed causal curve with extremes in h −1 (1)∩J − (S K ), but h is constant there), and each connected component would be a Cauchy hypersurface.
